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CHAPTER ONE 

1.1 Real Numbers and the Real Line 

This section reviews real numbers, inequalities, intervals, and absolute values. 

Real Numbers: are numbers that can be expressed as decimals, such as 

 

The real numbers can be represented geometrically as points on a number line called the real line. 

 

The algebraic properties : the real numbers can be added, subtracted, multiplied, and divided (except 

by 0) to produce more real numbers under the usual rules of arithmetic. 

 

We distinguish three special subsets of real numbers. 

1. The natural numbers, namely  1, 2, 3, 4 

2. The integers, namely      
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3. The rational numbers, namely the numbers that can be expressed in the form of a fraction , where( m 

and  n) are integers and  n ≠ 0, Examples are: 

 

EXAMPLE 1 : Solve the following inequalities and show their solution sets on the real line. 

 

  

 

 

  

EXAMPLE  :  Illustrating the Triangle Inequality 

   

the distance from (x to 0) is less than the positive number a. This means that x   must lie between (–a  

and a).  
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EXAMPLE : Solving an Equation with Absolute Values Solve the equation  | 2x -3| =7. 

 

EXAMPLE : Solving an Inequality Involving Absolute Values Solve the inequality. 

       

1.2 Lines, Circles, and Parabolas 

This section reviews coordinates, lines, distance, circles, and parabolas in the plane. The idea of increase 

is also discussed. 

Cartesian Coordinates in the Plane 

coordinate axes in the plane. On the horizontal x-axis, numbers are denoted by x and increase to right. 

On the vertical y-axis, numbers are denoted by y and increase upward as shown  
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Example  
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Distance and Circles in the Plane 

The distance between points in the plane is calculated with a formula that comes from the Pythagorean 

theorem. 
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The Parabola  
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1.3 Functions and Their Graphs 

Functions are the major objects we deal with in calculus because they are key to describing the 

real world in mathematical terms. This section reviews the ideas of functions, their graphs, and 

ways of representing them. 

Functions; Domain and Range 

 The area of a circle depends on the radius of the circle.  

 The distance an object travels from an initial location along a straight line path depends 

on its speed. 

In each case, the value of one variable quantity, which we might call y, depends on the value of 

another variable quantity, which we might call x. Since the value of y is completely determined 

by the value of x, we say that y is a function of x. 

                             

 

                   

 The set D of all possible input values is called the domain of the function.  

 The set of all values of ƒ(x) as x varies throughout D is called the range of the function. 

 The range may not include every element in the set Y. 
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Graphs of Functions 

If ƒ is a function with domain D, its graph consists of the points in the Cartesian plane whose 

coordinates are the input-output pairs for ƒ. 
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Example  Use point plotting to sketch the graph of ( y = x
2
 )Discuss the limitationsof this 

method. 

 

Example  Sketch the graph of( y = √x ) . 

Solution.  

If (x<0), then (√x) is an imaginary number. Thus, we can only plot points for which (x ≥ 0), 

since points in the xy-plane have real coordinates. The graph obtained by point plotting. 

 

 

Example  Sketch the graph of (y
2
−2y − x =0). 

Solution. 

In this case it is easier to express in terms of y, so we rewrite the equation as (x =y2−2y) 

Members of the solution set can be obtained from this equation by substituting arbitrary values 

for y in the right side and computing the associated values of x. 



 

10 
 

 
     Mathematics Materials              Assist. Lecturer HUSHAM IDAN HUSSEIN                      FIRST CLASS  
 

 

Example Sketch the graph of  y=1/x. 

Solution. Because (1/x) is undefined at x=0, we can only plot points for which x ≠ 0. This forces 

a break, called a discontinuity, in the graph at (x = 0). 

               

1.4 Identifying Functions; Mathematical Models 

There are a number of important types of functions frequently encountered in calculus. We 

identify and briefly summarize them here. 

Linear Functions: A function of the form  for constants( m and b), is called a linear function. 

Figure below shows an array of lines  where  so these lines pass through the origin. Constant 

functions result when the slope m=0 . 
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Power Functions: A function (f(x) = x
a
)  where a is a constant, is called a power function. 

There are several important cases to consider. 

(a) a = n    ,,, a  positive integer  

The graphs of  (f(x) = x
n
)    for  n= 1, 2, 3, 4, 5, 
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Polynomials: A function p is a polynomial if   

 

where (n) is a nonnegative integer and the numbers (a0,a1,a2, ,……an )  are real constants (called 

the coefficients of the polynomial). All polynomials have domain (- ∞, ∞) .  If the leading 

coefficient (an ≠ 0)  and (n > 0) then n is called the degree of the polynomial. Linear functions 

with (m ≠  0) are polynomials of degree 1. Polynomials of degree 2, usually written as   

     are called quadratic functions. Likewise, cubic functions are 

polynomials               of degree 3. Figure below  shows the 

graphs of three polynomials.  
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Rational Functions: A rational function is a ratio of two polynomials: 

                         

where p and q are polynomials. The domain of a rational function is the set of all real x for 

which ( q(x) ≠ 0 )  For example,   

                                        

the function is a rational function with domain   Its graph is shown below 
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Algebraic Functions: An algebraic functionis a function constructed from polynomials using 

algebraic operations (addition, subtraction, multiplication, division, and taking roots). 

Exponential Functions: Functions of the form (f(x) = a
x
) where(a>0) the base  is a positive 

constant (a ≠ 1) and  are called exponential functions. All exponential functions have domain   

(-∞ , ∞)and range (0. ∞) So an exponential function never assumes the value 0. 

 

 

 

 

 

 



 

15 
 

 
     Mathematics Materials              Assist. Lecturer HUSHAM IDAN HUSSEIN                      FIRST CLASS  
 

 

 

 

Increasing Versus Decreasing Functions: 

 

Even Functions and Odd Functions: Symmetry 

 



 

16 
 

 
     Mathematics Materials              Assist. Lecturer HUSHAM IDAN HUSSEIN                      FIRST CLASS  
 

 

 

 

 

1.5 Combining Functions; Shifting and Scaling Graphs 

In this section we look at the main ways functions are combined or transformed to form new 

functions. 

Sums, Differences, Products, and Quotients 
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Composite Functions 

Composition is another method for combining functions. 

 

The definition says that (f0g) can be formed when the range of (g) lies in the domain of ƒ. To find 

((f0g)(x))    first find g(x) and second find ƒ(g(x)).  

 

 

 

 

 

 

Shifting a Graph of a Function 

To shift the graph of a function (y= f(x)) straight up, add a positive constant to the right hand side of the 

formula  (y= f(x)). 
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To shift the graph of a function (y= f(x))  straight down, add a negative constant to the right-hand side of 

the formula (y= f(x)). 

To shift the graph of  (y= f(x))  to the left, add a positive constant to x.  

To shift the graph of (y= f(x))  to the right, add a negative constant to x. 
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1.6   Trigonometric Functions 

 

The define the trigonometric functions in terms of the coordinates of the point P(x, y) where the 

angle’s terminal ray intersects the circle (Figure 1.68). 
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The CAST rule (Figure 1.70) is useful for remembering when the basic trigonometric functions 

are positive or negative 

 

The CAST rule, remembered by the statement “All Students Take Calculus,” tells which 

trigonometric functions are positive in each quadrant 
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Periodicity and Graphs of the Trigonometric Functions 
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2,1 2.2Calculating Limits Using the Limit Laws 
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Eliminating Zero Denominators Algebraically 

 Identifying Common Factors It can be shown that if Q(x) is a polynomial and Q(c) =0  then    

       is a factor of Q(x). Thus, if the numerator and denominator of a rational function of x 

are both zero at           they have         as a common factor. 

 If the denominator is zero, canceling common factors in the numerator and denominator may 

reduce the fraction to one whose denominator is no longer zero at c. If this happens, we can find 

the limit by substitution in the simplified fraction. 
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2.3 The Precise Definition of a Limit 
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To show that the limit of ƒ(x) as  actually equals L, we must be able to show that the gap 

between ƒ(x) and L can be made less than any prescribed error, no matter how small, by holding 

x close enough to x0 .   

                                   

 

Examples 
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Using the Definition to Prove Theorems 

 

2.5 Infinite Limits  
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Vertical Asymptotes 
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2.6 Continuity 

Any function  whose graph can be sketched over its domain in one continuous motion without 

lifting the pencil is an example of a continuous function. 
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Continuous Functions 
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2.7Tangents and Derivatives 

For circles, tangency is straightforward. A line Lis tangent to a circle at a point P if L passes 

through P perpendicular to the radius at P. it means one of the following: 

1. L passes through P perpendicular to the line from P to the center of C. 

2. L passes through only one point of C, namely P.  

3. L passes through P and lies on one side of C only.        

 

Ex. 

 

We begin with a secant line through P(2, 4) and         nearby. We then write 

an expression for the slope of the secant PQ  and investigate what happens to the slope as Q 

approaches P along the curve: 

 

If h> 0, then Q lies  above and to the right of  P. 

 If h< 0then Qlies to the left of P(not shown). 

 In either case, as Q approaches P along the curve, h approaches zero and the secant slope 

approaches 4: 
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Finding a Tangent to the Graph of a Function 

 

 

EXAMPLE
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Rates of Change: Derivative at a Point 

  

A rock breaks loose from the top of a tall cliff. What is its average speed 

(a) during the first 2 sec of fall? 

(b) during the 1-sec interval between second 1 and second 2? 
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DIFFERENTIATION 

3.1 The Derivative as a Function 

Derivatives are used to calculate velocity and acceleration, to estimate the rate of spread of a 

disease, to set levels of production so as to maximize efficiency, to find the best dimensions of a 

cylindrical can, to find the age of a prehistoric artifact, and for many other applications. 

 

 

 

 

 

 

 

Calculating Derivatives from the Definition 
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Differentiable on an Interval; One-Sided Derivatives 
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3.2  Differentiation Rules 

Laws of derivatives: 
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Second- and Higher-Order Derivatives 

The function is called the second derivative of ƒ because it is the derivative of the first 

derivative.  

 

 

 

Derivative of trigonometric functions: 
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3.5 The Chain Rule and Parametric Equations 

The Chain Rule is one of the most important and widely used rules of differentiation. This 

section describes the rule and how to use it. 

Derivative of a Composite Function 

 

 

Proof  of the Chain Rule: 
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The Chain Rule with Powers of a Function 
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Implicitly Defined Functions 

EXAMPLE 1 Differentiating Implicitly       

                            

        

 

 

 

 

Lenses, Tangents, and Normal Lines 
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Derivatives of Higher Order 

Implicit differentiation can also be used to find higher derivatives. Here is an example. 

EXAMPLE 5 Finding a Second Derivative Implicitly 

 

 

Rational Powers of Differentiable Functions 
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4.3  Monotonic Functions and The First Derivative Test (Increasing 

Functions and Decreasing Functions). 

In sketching the graph of a differentiable function it is useful to know where it increases (rises 

from left to right) and where it decreases (falls from left to right) over an interval. 
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4.4 Concavity and Curve Sketching 
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Second Derivative Test for Local Extreme 
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4.6 Indeterminate Forms and L’Hôpital’s Rule 
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